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ABSTRACT
The universe in large scales is structured as a network known as cosmic web. Filaments
are one of the structural components of this web, which can be introduced as a novel
probe to study the formation and evolution of structures and as a probe to study
the cosmological models and to address the missing baryon problem. The aim of this
work is to introduce an analytical framework to study the statistics of filaments such as
number density of them and also to obtain the length-mass relation. For this objective,
we model filaments as collapsed objects which have an extension in one direction,
accordingly we use the ellipsoidal collapse to study the evolution of an over-dense
region via gravitational instability. We find that the nonlinear density of filaments
in the epoch of formation is almost mass independent and is in order of ∼ 30. By
introducing filament’s extended condition we find a fitting function for length-mass
relation. For the statistics of filaments, we propose a novel framework named excursion
set of saddle points. In this approach, we count the saddle points of the density field
Hessian matrix, and relate it to the count of filaments. In addition, we addressed the
filament in filament problem with up-crossing approximation.
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1 INTRODUCTION
It is more than two decades that the cosmological obser-
vations and simulations indicate that in the large scales
the matter of the universe is distributed in the form of a
web, known as cosmic web (Bond et al. 1996). In this web-
like structure, the filaments are one of the main compo-
nents. The existence of cosmic web is a direct consequence
of gravitational instability of dark matter (Zeldovich 1970;
Barrow & Silk 1981). It has been seen both in observations
(Shandarin & Yess 1998; Bharadwaj et al. 2000) and simu-
lations (Springel et al. 2006).
The study of the physical properties of the cosmic filaments
will have a great impact on our understanding about how the
cosmological structures formed and evolved. On the other
hand, filaments can be used as a probe for cosmological mod-
els. In this direction, recently the effect of modified gravity
on the filaments is studied in (Ho et al. 2018), where they
used N-body simulation to find the effect of screened mod-
ified gravity on filaments shape and its geometrical proper-
ties. They found that modified gravity causes filaments to be
shorter and denser with respect to the standard model of cos-
mology ΛCDM. As another example, (Moffat 2017) offered
⋆ baghram@sharif.edu
that modified gravity has the ability to explain the observed
mass of filaments which have been detected by gravitational
weak lensing (Epps & Hudson 2017).
Another important field of investigation on filaments is re-
lated to the distribution of baryons in the universe. Baryons
that inhabit in the filaments are also suggested as a so-
lution for missing baryon problem (Cen & Ostriker 1999;
Nicastro et al. 2008; Nevalainen et al. 2015). Haider et al.
show in Illustris simulation that half of the baryons are in
filaments (Haider et al. 2016). There are also studies in ob-
servations (Eckert et al. 2015) verifying that approximately
one third of the total baryons of the universe are in the fila-
ments where they used Sunyaev Zel’dovich effect for baryon
detection. Finally, we should mention that filaments and
generally cosmic web have undeniable observational effects
on late time large scale structures probes of cosmology such
as weak lensing of Cosmic Microwave Background (CMB)
(He et al. 2018).The above examples show that filaments are
new valuable probes for cosmological studies.
First of all, in order to use filaments in the cosmology, we
need a precise definition for them. Up to now, several meth-
ods and techniques have been developed to account for this
issue both in simulations and observations. In (Hahn et al.
2007), Hessian matrix of gravitational potential, deforma-
tion tensor, used for classification of the cosmic web. The
© 2018 The Authors
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number of positive eigenvalues of deformation tensor de-
fines the type of the corresponding cell. Halos are defined
by three positive eigenvalues, and sheets/filaments corre-
spond to one/two positive eigenvalues respectively. There
is a study where instead of a positive/negative eigenvalues
a threshold on eigenvalues is introduced for classification
(Forero et al. 2009). In (Hoffman et al. 2012) the Hessian
matrix of velocity field identifies the cosmic web in a similar
manner to (Hahn et al. 2007). Cosmic skeleton is another
way to classify the cosmic web which firstly introduced in
(Novikov et al. 2006) and then developed in (Sousbie et al.
2007). This idea is implemented in ”DisPerSE” numerical
code (Sousbie 2011) as a cosmic web identifier. The com-
mon feature in all these three methods is that they all use
saddle points of a cosmic field (gravitational potential, ve-
locity or density field) to identify the filaments. For other
approaches and techniques of filaments classifications see
(Libeskind et al. 2018)
Comparing several methods in classification of cosmic web
shows that there is no agreement between these methods
even from a statistical point of view. So theoretical models
of the cosmic web could help us to face this challenge. De-
spite the importance of this issue, the progress in finding a
theoretical model for filaments and sheets are slow in com-
parison to halos and voids. (See (Cooray & Sheth 2002) for
the review on halo model and (Sheth & Weygaert 2004) for
the extension of the ideas of halo identification applied to
voids). However, we should note that in (Shen et al. 2006),
authors used excursion set approach to find number density
of filaments and also define a critical density for filament
formation. In this light ”Excursion Set Theory” (EST) could
be used to find the number density of filaments as the case
of sheets, halos and voids. However, we should mention that
in EST approach (Shen et al. 2006) the position of the for-
mation of the filaments in density field is not considered.
Accordingly, a special treatment is required to overcome this
issue. Filaments tend to form in saddle point of density field
(which is the basis of the cosmic skeleton method) or saddle
point of velocity field or potential field. Incorporating the
position of the objects in excursion set approach is feasi-
ble in the ”Excursion Set of Peaks” (ESP) which have been
introduced in (Paranjape & Sheth 2012) for halo formation
and halo number count studies. In this work, we inspired
from idea of ESP to introduce the ”Excursion Set of Sad-
dle points” (ESS) in which by using the results of ellipsoidal
collapse we address the problem of the number density of
filaments with ESS. We also introduce the length of fila-
ments as an important feature of them. We define how to
find the length of filaments in ellipsoidal collapse and will
show that ellipsoidal collapse find a correlation between mass
and length of filaments in which the trend of this correlation
is positive. However filaments are larger in simulations by a
factor of 10 with respect to our model (Cautun et al. 2014).
We also show that by considering the idea of ”Filament’s ex-
tended condition” by tuning the free parameter introduced
in the model we can predict the length-mass relation of the
filaments better. Intuitively, our proposed constrain would
imply to have appropriate halos at the two ends of filament.
One important question which arises immediately is how
one can use ellipsoidal collapse model to describe filaments,
when they have elongated shapes already in beginning of
their formation? (For more detail see (Bond et al. 1996)).
We refer to this question as main challenge for our model.
Despite the fact that considering the role of window func-
tion (spherical top-hat or Gaussian) which make density field
more smooth and isotropic, our proposed model will not
work for very elongated filaments. At least we can explain
this caveat by considering our model for describing those
kinds of filaments which approximately were initially spher-
ical in smoothed density field. The structure of this work is
as follows: In Sec.(2), we study the filaments in the context
of ellipsoidal collapse and we find the length-mass relation of
these structures. In Sec.(3), we introduce the excursion set
of saddle points as a novel idea to find the number density
of filaments. In Sec.(4), we have our conclusion and future
remarks. In App.(A), we show the detail calculations to ob-
tain the length of filaments and in App.(B), we study the
number density of filaments with a moving barrier condition.
The results are for flat ΛCDM model with matter density of
Ωm = 0.25, the H0 = 70 km/s/Mpc and ns = 0.95.
2 ELLIPSOIDAL COLLAPSE AND FILAMENT
LENGTH
It is almost natural to think that the ellipsoidal collapse
framework is a suitable analytical model to study the col-
lapse of dark matter structures. This model is used to find
the number density of halos via the idea of the Press-
Schechter (PS) (Press & Schechter 1974). In this direction,
the extensions of PS are in good agreement with simulations.
Sheth-Tormen (ST) halo number density, which is firstly in-
troduced as a fitting function and then derived form ellip-
soidal collapse model, works as an example(Sheth & Tormen
1999). In the ellipsoidal collapse model, the dark matter
structures are formed from an initial homogeneous ellipsoid
over-density region. However, this ellipsoid region evolves in
three dimensions and collapses in an anisotropic way. The
consequence of this anisotropic collapse is the formation of
different types of objects in the cosmic web; sheets with one
collapsed axis, filaments with two and halos with three col-
lapsed axes. Accordingly, it will be natural to think an anal-
ogous model of halos for finding number density of filaments
and sheets. When there could be several dynamical models
for describing the evolution of filaments, in which the initial
region is cylindrical objects, in this work, we simply use the
discussed approach (ellipsoidal collapse) to find the number
density of filaments. However, we introduce a new condi-
tion for filaments formation which is the criteria of their
formation at the saddle points of matter density. We also
argue that constraining the Hessian matrix of potential field
works better when we deal with geometrical features of the
filaments such as the length of the filaments.
In this direction, we solve the equation of motion of ellip-
soid to find the critical density of the formation of a sheet, a
filament or a halo (Shen et al. 2006). We use the Zel’dovich
approximation for a spherical region in Lagrangian space as
an initial condition for jth axes of the ellipsoid, Xj(t), as
Xj(t) = r0(1 − λjD(t)), (1)
where r0 is the radius of the sphere in Lagrangian space,
λj are eigenvalues of deformation tensor (Hessian matrix of
potential) and D(t) is the growth function. By definition, we
set D(ti) = 1 in initial time ti . Eq.(1) is almost exact in the
MNRAS 000, 1–10 (2018)
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Figure 1. The critical density normalized to the spherical col-
lapse value in the linear regime for filament formation is plotted
versus pφ , The color index shows different vales of eφ .
quasi-linear regime and it is valid till the time of shell cross-
ing. It is convenient to define ellipticity e and prolateness p
accordingly
eφ =
λ1 − λ3
2δi
, pφ =
λ1 − 2λ2 + λ3
2δi
, (2)
where δi = λ1+λ2+λ3 is initial matter density contrast. So it’s
appropriate to find critical densities as a function of {eφ, pφ},
when every thing is related to initial conditions which are
encoded in these two parameters and also δi .
1 Evolution
of the ellipsoid’s axes could be solved numerically, assuming
freezing of the axes in a defined value (see App. B). It has
been shown that this freezing value does not affect the final
results significantly (Bond & Myers 1996; Stein et al. 2018).
So when the third axis collapses, the density contrast of the
overdense region will become the virial density. Accordingly,
the critical density of filaments δf for the collapse of the
second axis could be obtained approximately by
δf = δc(1 + αpφ), (3)
where δc ≃ 1.68 is the spherical collapse’s critical density
and α is a constant with small dependency on the cosmology.
In Fig.(1), we plot the critical density of filaments normal-
ized to δc in terms of eφ and pφ in flat Einstein de Sitter
(EdS) cosmology (i.e. Ωm = 1). In this figure, the best fit of
Eq.(3) with α ≃ 0.58 for the data in the range of eφ and pφ,
which filaments are defined, is plotted. We should also men-
tion that for filaments, the dependency of the critical density
to ellipticity parameter eφ is very weak. In this section we
will discuss that α ≃ 0 is almost a good approximation.
In initial density, each point have different eφ and pφ which
result to different critical densities for the filament forma-
tion. However, its a good approximation, to replace pφ
in Eq. (3) by it’s average value in the interested range
(Sheth & Tormen 1999). This approximation simplifies cal-
culations considerably, but does not change the punch-line of
the proposal. In Fig.(2), we plot the two dimensional space
1 We must mention here that these ellipticity and prolateness
parameters are defined due to deformation tensor and must not
be confused with eδ and pδ which are defined from eigenvalues
of the density field Hessian matrix.
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Figure 2. The two-dimensional space of ellipticity and prolatic-
ity. The contour plots are the joint probability distribution func-
tion of e and p. The solid lines imply the conditions on eigenval-
ues which can divide the two-dimensional space into the collapsed
regions of filaments, halos, and sheets.
of ellipticity and prolateness. This plot will help us to cat-
egorize the large scale structures of the cosmic web. (Note
that, this plot will be used for both {e, p}φ and {e, p}δ).
The ordering of eigenvalues λ1 ≥ λ2 ≥ λ3 is translated to
−e ≤ p ≤ e. In Fig.(2), three conditions for different types of
cosmic web components is considered as below
a) λ3 ≥ 0: condition for halos
b) λ2 ≥ 0 and λ3 ≤ 0: condition for filaments
c)λ1 ≥ 0, λ2 ≤ 0 : condition for sheets
d) We also consider a filament condition with extra con-
straint as |λ3 | ≥ λc, in which λc is some positive constant
which for deformation tensor defined as λc,φ = λc/δc and for
Hessian tensor of density defined as λc,δ = λc/
√
s (Note that√
s is the variance of perturbations). We call this new condi-
tion as filament’s extended condition. Filament’s extended
condition implies that the derivative of density be enough
large, in order to guarantee that the two peaks attached
to the filament have large density. This is an approxima-
tion to impose the condition that filaments have two mas-
sive halos at the ending nodes. We also consider λc,φ and
λc,δ as free parameters of our model which could be fixed
by simulations by using the mass-length relation of filament
or/and their number density. Note that in the Fig.(2) the
contours are related to conditional joint probability distri-
bution function (PDF) of density field’s ellipticity and pro-
lateness. (i.e. P(eφ, pφ |s, δc) defined as(Doroshkevich 1970;
Sheth & Tormen 1999).)
P(eφ, pφ |s, δc) =
1125√
10π
e(e2 − p2)
(
δc√
s
)5
exp
[
−5
2
δ2c
s
(3e3 + p2)
]
.
(4)
The average of pφ is zero when there is no condition on ini-
tial potential field (i.e. 〈pφ〉all = 0). In this case the critical
density is scale independent. However, considering any con-
dition on initial potential field will lead to a scale-dependent
critical density barrier. For the rest of the work we use a
constant barrier for simplicity.This assumption is equal to
considering α = 0 as we discussed earlier in this section. The
moving barrier is studied in App.(B).
As we have mentioned before, in the context of the ellip-
soidal collapse, the formation of filaments can be considered
as the collapse of the second axis of the over-dense region.
MNRAS 000, 1–10 (2018)
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Figure 3. The length of filaments is plotted versus mass. The
solid orange line is obtained from Eq.(5) in all regions of possible
eφ − pφ showed in Fig.(2). The blue solid line corresponds to
the length of filaments (see Eq. (5)) averaged over the region in
the eφ − pφ plane where the filamentary condition is satisfied (see
Fig.(2)). The gray lines obtained by the values of |λ3 |/δc > λc, φ =
1, 2, 4 correspondingly (see the main text). For comparison, we
plot the virial length versus mass and the prediction of Cautun et
al (Cautun et al. 2014). The dotted blue data points are obtained
from Monte carlo method showing the scatter about the average
value of blue solid line
Accordingly, the length of the filament is equal to the length
of the third axis in time of filament formation. In Appendix
(A) we show that the comoving length l(M, eφ, pφ) of fila-
ments depends on parameters eφ , pφ and the mass enclosed
in the ellipsoidal region and it is approximately given by
l(M, eφ, pφ) =
(
βW
GM
H2
0
Ωm
)1/3
[Xv + δc(eφ − pφ)], (5)
where βW is a constant which depends to the smoothing win-
dow function. For real space top hat window function βW = 2
while for the Gaussian window function βW =
√
8/(9π). Here
and after we choose the Gaussian window function to be
consistent with the rest of the work. Note that Xv is related
to virial length of a halo X3v = 1/178. When eφ = pφ = 0
this length tends to be the virial radius of a halo which is
consistent with known previous results. In this case the col-
lapse is spherical and all the axes collapse in the same time;
accordingly the object is a spherical halo which it’s radius
is equal to the virial length of a halo. on the contrary, when
eφ − pφ is large, the initial shape of the collapsing region is
filament-like (one axis is larger than other two axes). So, the
final filament has larger length in comparison to the halos.
The mass dependency of the length is as M1/3 which means
that the massive filaments have a larger length, consistent
with our intuition. Again we could approximate Eq.(5) by
replacing eφ and pφ with their averages over an interested
region. This adds another mass dependency to mass-length
relation.
In Fig.(3), the length of filaments is plotted versus enclosed
mass. The solid orange line is obtained from Eq.(5) in the
all regions of possible eφ − pφ space showed in Fig.(2). The
blue solid line corresponds to the length of filaments (see
Eq. (5)) averaged over the region in the eφ − pφ plane where
the filamentary condition is satisfied (see Fig.(2)). The dot-
ted points are chosen by the Monte Carlo method, which
represent the 2D scatter from average value of eφ and pφ
with respect to distribution of the PDF which is indicated in
Fig.(2) and Eq.(4)). The number of points in different mass
chosen by the number density of the filaments discussed in
Sec.(3) (see Fig.(6)). In this plot we also show the length
to mass relation of the filaments with additional constraints
|λ3 |/δc > λc,φ = 1, 2, 4. As discussed before, these new con-
straints are introduced to guarantee the existence of massive
dark matter halo nodes in the end-points of the filaments.
We also could represent a fitting function for the average
length of a filament with respect to it’s mass (solid blue line
of Fig.(3))
l
1Mps
= Υ
(
M
M⊙
)γ
, (6)
where Υ ≃ 10−4 and γ ≃ 1/3 for flat ΛCDM cosmology. The
above fitting function is checked for flat ΛCDM models with
different matter density parameters, where we see no signif-
icant change in γ. The Υ parameter has small dependency
to Ωmh
2, which its variation is less than ∼ 5% for a ∼ 10%
change in Ωmh
2. The cosmology dependence of the length
is not the focus of the this work, but we want to mention
here that in our approach the cosmological dependence of
the length and also the imprint of beyond standard models
of cosmology on the length of the filaments could be inves-
tigated straightforwardly.
In the case of extended filament region the Υ is related to
λc,φ as
Υ ≃ 10−4+0.13λc,φ , (7)
where there is no meaningful change of γ with respect to
λc,φ. The Eq.(7) present a formulae for the behavior of gray
dashed lines of Fig.(3)
In Fig.(3) the length of filament, when averaging over all
regions (no condition on potential field) is plotted with or-
ange line. We should note that the slope of the filament’s
length with respect to mass, when averaging over all re-
gions, is smaller than the pervious one. In this figure, the
red dashed line is an example of length of filaments which
is extracted from simulations (Cautun et al. 2014). Also we
should note that in our approach we assume that the fila-
ments are virialized objects, however this condition is not
completely correct for filaments and they could be extended
one dimensional non virial matter clumps. In this direction,
the virial length of halos is also plotted in Fig.(3) for com-
parison. It is interesting to note that in larger masses the
average over all region line converge to virial mass.This is a
hint that we should consider the plausible region of filaments
in eφ − pφ plane.
Also at this point, by using Eq.(5), the nonlinear virial den-
sity of filaments can be obtained as below
δNL =
1
X1X2X3
− 1, (8)
where Xi is the anisotropic scale factor of the collapsing
ellipsoid. For the collapsed filaments, two of these scale fac-
tors are equal to Xv and another one is Xv + δc(eφ − pφ).
In Fig.(4), we plot the nonlinear over-density for halos and
filaments. The blue solid line shows the case which is ob-
tained by averaging over all filaments in the desired range
of elipticity and prolateness. (This line is related to solid
MNRAS 000, 1–10 (2018)
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Figure 4. The non-linear density contrast is plotted versus col-
lapsed mass. The green solid line is the density contrast for halos.
The solid blue line corresponds to the filaments averaged over
the filament region. The orange dashed line shows the non-linear
density of filaments averaged over all possible regions.
blue line of Fig.(3)) The important point to note here is
that the critical density is almost mass independent in order
of δNL ∼ 30. This can be used as a proposed proxy to find
the filaments in simulations. The dashed/dotted gray lines
are for the extended filament region cases and λc,φ equal
to 2 and 4 respectively. For these cases the δNL ∼ 10, 5 re-
spectively. The orange dashed line is the eφ − pφ all regions
averaging case. We see that when there is no condition on
elipticity and prolateness, the non-linear density contrast is
over ∼ 100 for large masses. Once more this indicates that
it is necessary to consider conditions on elipticity and pro-
lateness.
In the next section, first we briefly introduce the excursion
set theory and excursion set of peaks in order to relate it to
our proposal for the study of the filament’s statistics.
3 EXCURSION SET THEORY OF SADDLE
POINTS
Here in the first subsection, we discuss the excursion set
theory in order to set the scene, then we go through the
excursion set theory of peaks and finally we propose our
excursion set of saddle points as a new framework to find
the number density of filaments.
3.1 Excursion set theory
In this subsection, we briefly review the main concepts intro-
duced in Excursion set theory (EST) formalism (Bond et al.
1991). In EST the number density of dark matter halos ob-
tained by the idea of counting the trajectories which are
produced in linear regime by the density contrast in terms
of the scale of filtering (Nikakhtar & Baghram 2017). The
fraction of trajectories which up cross the barrier (critical
density in our case) is related to the fraction of the mass
which will be enclosed in dark matter halos. In order to
solve the well known cloud in cloud problem, we should just
count the trajectories which have their first up cross in a
specific smoothing scale under consideration. In the case,
if the smoothing window function is chosen to be k-space
sharp filter, the process will be a Markovian. The first cross-
ing probability with a constant barrier will be two times
of the Press-Schechter (Press & Schechter 1974) prediction
(Bond et al. 1991)
ν feps(ν) =
√
2
π
νe−ν
2/2, (9)
where ”eps” refer to the ”extended Press-Schechter” and the
height parameter is defined as ν = δc/σ0. Note that δc is the
critical density and σ0 is the variance of perturbations. The
general nth moment of variance is defined as
sn(z) = σ2n(R) =
1
(2π)3
∫
k2nP(k, z)W2(kR)d3k, (10)
where R is the smoothing scale and P(k, z) is the linear mat-
ter power spectrum which depends on the wavenumber and
redshift. W(kR) is the Fourier transform of the window func-
tion. In this work, we use the Gaussian window function
(i.e.W(kR) = e−k2R2/2) through our calculations. In the case,
if the barrier is a scale-dependent quantity, which is the case
when we assume an ellipsoidal collapse, The fraction of up-
crossed trajectories is well fitted by Sheth and Tormen fitting
function which is (Sheth & Tormen 1999)
ν fST (ν) = A
(
1 + (ν˜2)α
) √ 2
π
ν˜e−ν˜
2/2, (11)
where ν˜ =
√
qν and α = −0.3. Theoretical estimation for q,
from the ellipsoidal collapse approach is, q = 1, but by com-
paring with the number density of halos in simulations, we
will get the result of q = 0.322 (Sheth & Tormen 1999). Note
that the non zero q could be noted as the departure from
universality.
For non-Markov processes, which arise when one chooses a
window function other than k-space sharp filter, it’s hard to
find the first up crossing probability. There is a suggestion
to use the up-crossing approximation instead of first up-
crossing (Musso & Sheth 2012). This approximation works
well for large masses (low variances), however for small
masses when the variance of perturbations is large, this ap-
proximation breaks. For up-crossing approximation, we de-
fine another parameter x which encodes the derivative of ν,
the height parameter, as x = 2γσ0
dδ
ds0
where γ = σ2
1
/σ0σ2.
Counting the number of trajectories which cross a constant
barrier and having the condition of x ≥ 0 give the approxi-
mate result for a fraction of mass of the cosmic objects under
consideration (e.g. halos or filaments). The final result due
to (Musso & Sheth 2012) is as below
ν fMS(ν) =
〈x |γ, γν〉MS
2γν
√
2
π
νe−ν
2/2, (12)
here MS refers to Musso-Sheth proposal and
〈x |γ, x∗〉MS =
∫ ∞
0
dx x pG(x − x∗; 1 − γ2), (13)
in which pG(x − x∗, s) is a Gaussian distribution function
with mean of x∗ and variance of s. The Eq. (13) could be
solved analytically to find
〈x |γ, x∗〉MS =
√
1 − γ2
2π
exp
(
−ǫ2
)
+
γν
2
(1 + ξ (ǫ)) , (14)
MNRAS 000, 1–10 (2018)
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where ǫ = γν/
√
2(1 − γ2) and ξ(x) is the error function. The
advantage of MS approximation is that the calculations are
done in one scale and it does not depend on the previ-
ous steps in the density contrast versus variance trajecto-
ries. In another word, one does not need to find the behav-
ior of trajectories in all larger scales, which is essential in
non-Markovian processes. One step further, we can improve
the result by changing the ν with ν˜ which have defined in
Eq.(11). This change of the variable is very similar to the
ellipsoidal collapse case which fixes the deviation of MS so-
lution from the ST in large mass scales.
Recently (Nikakhtar et al. 2018) introduced a systematic
way to go beyond MS approximation known as Hertz and
Stratonovich approximation. But in this work, we will use
the idea of up-crossing to solve the structure in structure
problem which will be raised in filaments. For future work
it’s possible to go beyond this approximation as imple-
mented in (Nikakhtar et al. 2018). In the next subsection
we will discuss the excursion set theory of peaks.
3.2 Excursion Set theory of peaks
In the previous subsection, we found the probability of col-
lapsed over-dense regions by counting the fraction of tra-
jectories that up crosses the linear theory critical density
barrier. The main challenge in this point of view is that how
we can find the first up crossing of trajectories? As we know,
in the context of EST, we are not sensitive to the position of
trajectories in real space, despite the fact that the formation
of the objects tends to be in the extremum of density field.
In order to consider the real space distribution of the density
field and its effect on the process of structure formation, we
could count the number density of peaks or saddle point of
the initial Gaussian density Bardeen et al. (1986). All the
information is encoded in the joint probability distribution
of field parameters as
P(ν, η, x, y, z)dνd3ηdxdydz = N |2y(y2 − z2)|e−Qdνdxdydz d
3η
σ3
0
,
(15)
where ν is the height parameter (i.e. ν = δc/σ0) in this con-
text as well, η is the derivative of the density contrast with
respect to position η = ∂iδ and (x, y, z) are three parameters
which define the second order derivative of the density field
with respect to the position ζij = ∂ijδ as below
x = − ∇
2δ
σ2
(16)
y = − ∂
2
x − ∂2z
2σ2
δ (17)
z = −
∂2x − 2∂2y + ∂2z
2σ2
δ (18)
Comparing Eq. (16) with the principal axes of ζij using
Eq. (2) we find that y/x = eδ , z/x = pδ . In Eq. (15) N
and Q are
N =
(15)5/2
32π3
σ3
0
σ3
1
(1 − γ2)1/2
, (19)
2Q =ν2 +
(x − x2∗ )
(1 − γ2) + 15y
2
+ 5z2 +
3η.η
σ2
1
. (20)
Integrating Eq. (15) with appropriate constraints, for exam-
ple, peak condition, we can find the number density of peaks
in initial density.
Npk (ν) =
∫ ∞
ν
dν
∫ ∞
0
dx
∫
{y,z }∈pk
dydz | det(ζ )|P(ν, η = 0, x, y, z),
(21)
In Eq. (21) the factor of | det(ζ )| is necessary in transforming
the result to real space. We can solve Eq. (21) analytically
to find
Npk (ν) =
e−ν2/2
(2π)2R3∗
∫ ∞
0
dx f (x)pG(x − x∗; 1 − γ2) (22)
where
f (x) = (x3 − 3x)
{
ξ
[(
5
2
)1/2
x
]
+ ξ
[(
5
2
)1/2
x
2
]}
/2
+
(
2
5π
)1/2 [(
31x2
4
+
8
5
)
e−5x
2/8
+
(
x2
2
− 8
5
)
e−5x
2/2
]
.
(23)
Note that in peak theory it is not straightforward to find
mass fraction by the knowledge of the number density of
peaks, because in peak theory, the scale is set and it does
not change. However, we can do this naively to find the mass
fraction of peaks by the proposal of Bardeen, Bond, Kaiser
and Szalay (BBKS) (Bardeen et al. 1986)
fBBKS(ν) = e−ν
2/2 VR
(2π)2R3∗
∫ ∞
0
dx f (x)pG(x − x∗; 1 − γ2), (24)
where VR = (2πR2)3/2 is the volume of smoothing region with
scale R and R∗ =
√
3σ1/σ2. The BBKS is successful in count-
ing the number of peaks but hardly deal with the ”cloud
in cloud” problem, which its solution must be analogue to
the first up crossing condition in EST. The reason is that
in peak condition, it is only one scale which is involved and
by changing the scale the peak even could be disappeared.
However, by reducing the condition of first up crossing to
the condition of just up crossing, we could overcome this
problem.
Comparing Eq. (24) with Eq.(12) leads us to understand the
differences. The term f (x) in BBKS is responsible for peak
condition and extra x in MS is responsible for up cross-
ing condition. Here we must mention that x in Eq. (24)
is not the same as x in Eq. (12) except when the window
function is Gaussian which is the case of our work. So by
working with Eq. (24) and adding the extra x to it, we
can add the up crossing condition to BBKS as proposed
by (Paranjape & Sheth 2012)
fESP(ν) = e−ν
2/2 VR
(2π)2R3∗
∫ ∞
0
dx x f (x)pG(x − x∗; 1 − γ2), (25)
hereafter the ”ESP” refers to excursion set of peaks. In the
next subsection, we will introduce a new concept named as
excursion set of saddle points as a framework to study the
distribution of filaments.
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3.3 Excursion set of saddle points
In the context of the ellipsoidal collapse model, filaments are
considered as objects which have two collapsed axes. This
assumption is made without any reference to the place of
filaments in the cosmic web. As we mentioned and discussed
in the introduction the filaments tend to form in the saddle
points of matter density or saddle points of potential field
in order to take the effect of environment in to account.
In this work, we consider the first criteria as the the def-
inition of the filaments. However, we should mention that
whenever the perturbations are very near to homogeneous
and isotropic case, the saddle points of potential occur near
to the saddle points of matter density field and vise versa,
when the Poisson equation relates density contrast to grav-
itational potential. So the difference might be neglected in
this case.
In order to count the number of the saddle points in the
initial density field, we start with an equation very similar
to the one introduced in Eq. (21). Now the peak condition
must be changed to the condition which points out the sad-
dle points with two positive and one negative eigenvalues
{λδ
1
, λδ
2
≥ 0, λδ
3
≤ 0} accordingly, we will get
Nsd(ν) =
∫ ∞
ν
dν
∫ ∞
0
dx
∫
{y,z }∈sd
dydz | det(ζ )|P(ν, η = 0, x, y, z),
(26)
where ”sd” refers to saddle point condition. Again the inte-
gral can be simplified as
Nsd(ν) =
e−ν2/2
(2π)2R3∗
∫ ∞
0
dxh(x)pG (x − x∗; 1 − γ2), (27)
where h(x) is the factor which is responsible for the saddle
point condition. There is an analytical solution for h(x) as
h(x) =
e−
5x2
8
(
32 + 155x2
)
10
√
10π
− 1
2
x
(
−3 + x2
)
er f c
[
1
2
√
5
2
x
]
, (28)
where er f c is the complementary error function. We can
count the number of the collapsed saddle point by applying
the condition of v ≥ δc/σ0 to Eq.(27). However similar to
the case of halos, there is the cloud in cloud problem, which
literally can be named as the filament in filament problem.
In this point, one can use the resemblance of the process to
the halo case and get rid of this problem by using up crossing
approximation. So we use the idea introduced in Eq. (25) to
write
fESS(ν) = e−ν
2/2 VR
(2π)2R3∗
∫ ∞
0
dx xh(x)pG(x − x∗; 1 − γ2), (29)
here ”ESS” refers to excursion set of saddle points and h(x)
is defined in Eq. (28). In Fig. 5, we plot the fraction of
up-crossing in the context of excursion set theory of peaks
(which then must be interpreted as the number density of
halos) and excursion set of saddle points in terms of height
parameter (which is related to the filaments). The ν f (ν) is a
key quantity, from which we can find the number density of
filaments accordingly. Now the number density of filament
n(M) could also be calculated as
n(M) dM = ρ¯
M
f (s)ds
 dsdM
 dM, (30)
E

0	
  1 
10-8
10-6
10-4
10-2
Log10(ν
2)
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f(
ν
)
Figure 5. The fraction of up-crossing ν f (ν) for excursion set
of peaks (red dashed line) and the excursion set of saddle points
(solid blue line) is plotted versus the square of height parameter
in logarithmic scale log10 ν
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Figure 6. The number density of filaments (solid blue line) in
the context of excursion set of saddle points is plotted versus
mass. For comparison, the number density of halos in the context
of excursion set of peaks is also plotted (red dashed line). The
black dotted line is the the number density with the constraint of
filament’s extended condition and λc, δ = 1.
where f (s) is up-crossing fraction in the variance interval of
s and s + ds. In Fig. 6 we plot the number density of fila-
ments in terms of mass in the context of excursion set of
saddle points. For comparison in the same plot, we show
the number density of halos obtained from excursion set of
peaks accordingly. The plot shows that in larger masses with
considering a specific collapsed mass the number density of
filaments is smaller than the number density of halos. This
is a reasonable result because in the context of ellipsoidal
collapse and peak/saddle theory the large masses tends to
become peaks (halos) instead of saddle points. In this plot we
also show the filament’s extended condition case (λc,δ = 1)
with dotted black line. The result agrees with our intuition
that making constraints tighter will reduce teh number den-
sity of filamnets.
We could use Eq.(5) to find the length number density of
filaments in this approach. In Fig.(7), we plot the number
density of filaments versus their length. This is obtained by
exchanging the mass in the Eq.(30) with length using Eq.(5)
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Figure 7. The number density of filaments is plotted versus
length for different cases. The solid green line for λc, φ = 0, Blue
dashed line for λc, φ = 2 and black dotted line for λc, φ = 4.
in which we replaced eφ and pφ by their averaged value with
appropriate conditions( The solid green line is for λc,φ = 0,
blue dashed line corresponds to λc,φ = 2 and λc,φ = 4 is
shown by black dotted line). As we anticipate the number
density of filaments is a decreasing function of length. Fil-
aments with large lengths correspond to over-dense regions
with larger mass. We know that for large ellipsoid over-dense
regions, there is a tendency to be virialized in halos. As it is
obvious in this figure increasing the amount of λc,φ causes
the number density of filament being increased for a de-
fined length. This is because by increasing the λc,φ we assign
larger filaments length to a specific mass. This means that
for larger λc,φ, a chosen length refers to a smaller mass. Fi-
nally, the number density is a monotonic increasing function
with respect to λc,φ as the number density is a monotonic
decreasing function of mass.
This plot can be used as a crucial proposal for future up-
coming large scale structure surveys, where with observing
large number of galaxies, the statistics of filaments become
considerably large for comparison with theoretical models.
Once again, we should emphasis here that our proposal is a
local treatment of the filaments as the saddle point of den-
sity field, where the condition on λc,φ is an approximation
to have two massive dark matter halos in the endpoints.
This approximation which is refereed to filaments extended
condition change the mass-length relation and the number
density of filaments. Accordingly a non-local treatment of
filaments is essential.
In App.B we will study the number density of filaments
with considering the moving barrier for up-crossing.
4 CONCLUSIONS AND FUTURE REMARKS
The future large scale structure surveys will open up a new
horizon to study of the cosmic web in detail. Due to sim-
ulations and observations, it seems obvious that beside the
dark matter halos, the dark filaments can be considered as
promising large cosmic scale structures which can be used
to study the formation and evolution of cosmic skeleton.
On the other hand, the measurable characteristics of fila-
ments can be used as a probe to test cosmological models.
In this work, we study the filaments in the context of el-
lipsoidal collapse. Using the conditions on the eigenvalues
of Hessian matrix of density field we define the regions in
ellipticity-prolateness plane for which we can make halos,
filaments, and sheets. In this direction we introduce ”fila-
ment’s extended condition” which improve our result espe-
cially in comparing mass-length relation of our model and
simulation results. This extra condition helps us to extend
our local study of filaments as saddle points to the one which
consider the fact that filaments are ended with massive dark
matter halo nodes.
We also consider that the critical density of filaments forma-
tion depends on prolateness and has a negligible dependence
on ellipticity. Then using the concept of ellipsoidal collapse
we obtain the length of filaments versus their mass and a
fitting function for length-mass relation in flat ΛCDM cos-
mology. The non-linear density contrast of filaments are ob-
tained, where we show that this non-linear density contrast
is almost mass independent and it can be used as a proxy
to find the filaments in the simulation. In this work, we also
address the question of the number density of filaments. For
this task, we define the formalism of the excursion set of sad-
dle points instead of excursion set of peaks in order to count
the saddle points and also we use the idea of up-crossing
approximation to solve the known obstacle of structure in
structure problem. Accordingly, we find the number density
of filaments in terms of mass and length. This study is cru-
cial as it is an analytical suggestion to study the filaments in
non-linear structure formation framework to address cosmo-
logical questions and to understand the physics of filament
formation. We should note that this result is in the context
of ellipsoidal collapse and in this context the structure under
consideration, initially, is approximately spherical. This as-
sumption may contradicts the fact that filaments have elon-
gated thin structure at very early stages of their formation
which evolve to thicker structures (Bond et al. 1996). In this
direction we point out the role of smoothing window function
which make thin elongated objects more spherical. However,
this concern may be a real caveat of our model which must
be improved in future works. As a future remark, we suggest
that sophisticated filament finder procedure can be used in
simulation to compare the predictions of analytical approach
we developed here.
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APPENDIX A: FILAMENT LENGTH IN
ELLIPSOIDAL COLLAPSE
In the ellipsoidal collapse, the main idea is to consider the
evolution of a homogeneous ellipsoid. The differential equa-
tion governing the dynamics of the principal axes of the
ellipsoid is as below (Peebles 1980; Bond & Myers 1996)
d2Xj
dt2
+
2 Ûa
a
dXj
dt
= −4πG ρ¯mXj
[
1
2
αjδ + D(t)(λj −
1
3
δi)
]
, (A1)
In which
αi = X1X2X3
∫
dy
(X2
i
+ y) f 1/2(y)
, (A2)
and
f (y) = (X21 + y)(X22 + y)(X23 + y). (A3)
Here Xj is the normalized length of axes of filament and the
comoving length could be defined
aj =
(
βW
GM
H2
0
Ωm
)1/3
Xj, (A4)
where βW is defined in the main text and depends to window
function. We must mention that Eq. (A1) is well working in
both linear and non linear regime and also for spherical case
λ1 = λ2 = λ3. One can solve Eq. (A1) numerically having
initial condition in hand for {λ1, λ2, λ3} or interchangeably
with the initial condition on density contrast, ellipticity and
prolaticity {δi, e, p} which is defined in Eq. (2). Note that
here we consider the ordering of the eigenvalues λ1 ≥ λ2 ≥
λ3. The Fig A1 shows the numerical solution of Eq. (A1) for a
special initial condition by considering a viral length for the
axes as Xv = 0.17 (Bond & Myers 1996; Shen et al. 2006). In
Fig A1, we see the behavior of principal axes, which shows
that how the ellipsoid forms a sheet and then a filament and
finally a halo. In this figure the condition on the eφ and pφ
lies in the halo range of Fig 2. In Fig A2 evolution of the
ellipsoid is calculated for the case when eφ and pφ are in the
filament range.
The Eq. (A1) can be approximated by (White et al. 1979)
Xj(t) = Xj(ti)(1 − D(t)λj) − Xh(ti)
[
1 − D(t)δi
3
− ae(t)
a(t)
]
, (A5)
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Figure A1. The length of the three axis of ellipsoid over-dense
region is plotted in terms of scale factor with e = 0.4 and p = 0.3
(in halo regime). The red dashed red line corresponds to the virial
length of a halo.
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Figure A2. The length of the three axis of ellipsoid in terms
scale factor e = 0.4 and p = −0.3 (in filament range). The dashed
red line corresponds to the virial length of a halo.
where Xh(t) = 3/
∑
Xj(t) is a good approximation for αj =
2Xh/3Xj and ae(t) is scale factor of a universe with initial
matter density of ρ¯m(ti)(1+ δi). First term in right hand side
of Eq. (A5) is Zel’dovich term and depends on the direction
j under consideration but the second term is the same for
the three directions. Accordingly the second term will be
eliminated when the diffrence of the axes Xi − Xj is consid-
ered. Note that this implies Zeldovich approximation be well
enough for calculating Xi − Xj as
X3(t f ) − X2(t f ) = D(t)(λ2 − λ3) = D(t)δi(e − p), (A6)
and as the linear density contrast is δL
f
= D(t)δi then
X3(t f ) = X2(t f ) + δLf (e − p). (A7)
In this context, the filament is considered as a cosmic struc-
ture which is collapsed in two dimensions and have an un-
collapsed axes. It means X1(t f ) ≤ Xv, X2(t f ) = Xv and
X3(t f ) ≥ Xv, Where X3 is the uncollapsed principle axis of
ellipsoid ( this is the filament length) and t f is the time of fil-
ament formation. So X2(t f ) = Xv and the density contrast of
the filament becomes δf = δc(1+αpφ) Eq. (3). Note that the
formation time of filament can be obtained from δf = D(t f )δi
Shen et al. (2006). Solving Eq. (A1) numerically or by con-
sidering Eq. (A5) one can find that δf is independent of e
and it’s dependence over p is like Eq. (3) and this is satisfied
in the context of ellipsoidal collapse framework.
Note that the comoving length of the filament is a3 = r0X3,
in which r0 is defined in Eq. (A4). So Eq (A7) easily read to
the length of the filament,
l(M, e, p) =
(√
8
9π
GM
H2
0
Ωm
)1/3
[Xv + δf (e − p)], (A8)
It is a reasonable approximation to change δf with δc in
Eq.(A8), so the result will be the same as Eq.(5).
APPENDIX B: NUMBER DENSITY OF
FILAMENTS WITH MOVING BARRIER
In Sec.(3), we have considered a constant barrier (critical
density) in our calculation to obtain the number density of
filaments. The reason for choosing a constant barrier is that
when we average over all regions in e − p space we will have
〈p〉 = 0 and considering the Eq. (3) implies a constant bar-
rier. In this appendix, we will come back to the case which
the barrier is not constant due to the fact that averaging is
done over the filament region in e − p space. This approach
is necessary, if we have some constraint on the potential
density field (as we consider throughout of this work). For
the moving barrier the Eq. (29) must be changed with the
equation below (Paranjape & Sheth 2012)
fMB(ν) = e−ν
2
f
/2 (2π)2R3
(2π)2R3∗
∫ ∞
2γσ0 〈δ′f 〉
dx (B1)
(x − 2γσ0〈δ′f 〉) f (x)pG(x − x∗ f ; 1 − γ2),
where ”MB” indicates the moving barrier case, 〈δf 〉 is aver-
aged critical density of Eq. (3). νf and x∗ f are corresponding
variables. In upper plot of Fig (B1) the mass fraction of the
filaments is plotted for two cases of the moving and con-
stant barrier. In a logarithmic scale, the moving condition
increases the mass fraction in large ν and masses. The rela-
tive difference is plotted in bottom plot of Fig (B1). For this
figure, we used the filament constraint of Fig.(2).
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure B1. In upper figure, number density of filaments is plot-
ted versus length with constant barrier condition (blue solid line)
and with the moving barrier condition (dashed orange line). The
relative difference is plotted in the bottom figure.
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